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 A B S T R A C T

We propose a model of three-dimensional (3D) Rydberg-dressed spinor (two-component) Bose–Einstein 
condensates (BECs), with the spin–orbit coupling (SOC) and an axisymmetric radially periodic potential. It 
produces various species of stable 3D solitons with different vorticities in its two components. The shape and 
stability of the soliton are determined by the system’s control parameters: the SOC strength (𝜆), coefficients 
of the contact and Rydberg–Rydberg interactions (𝜎 and 𝑈𝑖𝑗 , respectively), and the depth (𝑤0) of the radial 
potential. The ground-state 3D solitons, with the lowest set of topological charges in its components, one 
of which is 0 and the other one is ±1 (these states are known as semivortices), keep the axial symmetry. 
Excited states with higher topological charges, which are unstable in previously studied SOC systems, feature 
broken axial symmetry, but may be dynamically stable states. In the absence of SOC, we also find stable 
two-component solitons with crescent- and hollow-shaped components.
1. Introduction

The study of nonlinear wave phenomena in atomic Bose–Einstein 
condensates (BECs) has garnered considerable attention in recent years
[1–5]. Depending on the sign of the interatomic interactions, BECs can 
exhibit the formation of bright or dark solitons. Properties of these soli-
tons are critically affected by the spatial dimension of the condensate. 
Specifically, multidimensional states in BECs with attractive interac-
tions may be susceptible to the collapse, whereas those with repulsive 
interactions may be prone to snaking instabilities [6,7]. Therefore, the 
creation of three-dimensional (3D) bright solitons poses a greater chal-
lenge compared to the generation of their one-dimensional (1D) and 
two-dimensional (2D) counterparts [8]. In particular, while 1D solitons 
can be produced by integrable equations, this is not feasible for 2D 
and 3D solitons. Another fundamental problem is the instability driven 
by the possibility of the collapse in the 3D case with the attractive 
nonlinearity.

Several scenarios have been proposed for stabilization of 3D soli-
tons, such as the use of materials exhibiting saturable or competing 
nonlinearities [9–11], nonlocality of the nonlinearity [12–14], special 
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types of nonlinear interactions [15,16], optical tandem schemes [17,
18], waveguide arrays and optical lattices inscribed in waveguides [19–
21], as well the use of the spin–orbit coupling (SOC) in binary BECs [22,
23]. Recently, the Rydberg electromagnetically-induced-transparency 
(Rydberg-EIT) system has been proposed as a promising platform for 
generating stable 3D solitons [24,25]. In the latter case, cold atomic 
gases provide effective media for the creation, propagation, and storage 
of ultraslow fundamental solitons and vortices [26–29].

The introduction of optical lattices into nonlinear media can signif-
icantly enhance the stability of localized wave structures in BEC [19–
21,30–32]. Typically, optical lattices are induced by interference of 
counter-propagating laser beams [33,34]. By applying optical lattices to 
BEC, experiments have successfully produced bright gap solitons [35] 
and truncated gap waves [36] in 1D space. Predictions have also been 
made for the existence of 2D gap solitons and vortical solitons in pan-
cake/disk-shaped BECs trapped by 2D optical-lattice potentials [37,38]. 
Furthermore, 3D Weyl solitons [39], gap solitons, and vortices have 
been predicted in spherical [40,41] and dipolar [42] BEC, loaded into 
3D optical lattices. Both 2D and 3D gap and vortical solitons can be 
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stabilized as well by low-dimensional optical lattices [19,20,43–45]. 
The possibility of the existence of stable multidimensional soliton-
like states, supported by 2D and 3D periodic optical-lattice potentials 
and described by the density-functional model, has been extended to 
superfluid Fermi gases [46,47]. Notably, recent applications of 2D 
parity-time symmetric potentials [48–51] and moiré lattices [52,53] 
have also demonstrated their efficacy in stabilizing various solitons.

SOC BECs, which have been realized experimentally [54,55], have 
also drawn much interest. These systems not only facilitate the study 
of phenomena associated with artificial vector gauge potentials [56], 
but also give rise to numerous remarkable structures [57,58]. SOC 
notably alters the dispersion relation of the system [59–61], breaks 
the Galilean invariance [62,63], significantly affects properties of 1D 
solitons [64,65] and creates stable multi-dimensional ones [66–68]. 
Of particular interest is the effect of SOC on BECs in the presence of 
external potentials, in which case the potential’s symmetry determines 
possible symmetries of self-trapped solitons and their evolution [69–
71].

In spite of the recent progress, the understanding of 3D matter-
wave solitons in binary condensates, sustained by the interplay of 
SOC and Rydberg–Rydberg interactions (RRI) in the presence of a 
radially periodic potential, was not developed. The present study aims 
to systematically construct 3D stable solitons in this system by means of 
numerical analysis. These are various stable self-sustained states, fea-
turing axisymmetric zero-vorticity and vorticity-carrying modes with 
different topological charges in its two spinor components. It is found 
that the ground-state solitons keep the axial symmetry. On the other 
hand, excited states exhibit broken axial symmetry. These observations 
underscore the profound impact of SOC and Rydberg–Rydberg interac-
tions on the structure and stability of the solitons. In the absence of 
SOC, a novel species of stable 3D solitons, crescent- and hollow-shaped 
ones, have been found.

The following contents are structured as follows: the model and 
formulations are proposed in Section 2, results of the systematic inves-
tigation of the 3D matter-wave solitons are reported in Section 3, and 
the paper is concluded by Section 4.

2. The model

We consider a three-level cold atomic system which is shown in 
Fig.  1(a). States |𝑔⟩ and |𝑛′𝑝⟩ are the ground and excited states of the 
cold atoms, while |𝑒⟩ ≡ |𝑛𝑠⟩ is the excited Rydberg state with principal 
quantum number 𝑛. The transitions |𝑔⟩ → |𝑛′𝑝⟩ and |𝑛′𝑝⟩ → |𝑒⟩ are 
driven by the laser fields with Rabi frequency 𝛺1 and 𝛺2, and detuning 
𝛥1 and 𝛥2, respectively. The system reduces to an effective two-level 
one under condition 𝛥1 ≫ 𝛺1 [72]. Then, the effective Rabi frequency 
and detuning are 𝛺 = (𝛺1𝛺2)∕2𝛥1 and 𝛥 = 𝛥1 + 𝛥2, respectively, as 
shown in Fig.  1(b).

The long-range interaction between different Rydberg atoms is mod-
eled by the van der Waals potential 𝑉vdW = ℏ𝑉 (𝐫′ − 𝐫), where 

𝑉 (𝐫′ − 𝐫) = 𝐶6

[

𝑅6
𝑏 + |

|

𝐫′ − 𝐫|
|

6
]

, (1)

𝐶6 < 0 is the dispersion parameter, 𝐫 and 𝐫′ are position vectors of 
the interacting atoms, with coordinates 𝐫 = (𝑋, 𝑌 ,𝑍). Further, ℏ is the 
Planck’s constant and 𝑅𝑏 =

[

|

|

𝐶6𝛥||∕|𝛺|

2]1∕6 is the Rydberg blockade 
radius [72].

In the mean-field approximation, the dynamics of 3D BECs is gov-
erned by the system of Gross–Pitaevskii equations (GPEs) for the two 
components of the spinor wave function, 𝜓 = (𝜓 ,𝜓 ), with the 
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Here the atomic kinetic energy is represented by the Laplacian, ∇2
𝑋,𝑌 ,𝑍

= 𝜕2∕𝜕𝑋2 + 𝜕2∕𝜕𝑌 2 + 𝜕2∕𝜕𝑍2, 𝑇  is time, 𝑀 is the atomic mass, and 
coefficient 𝑔 = 4𝜋ℏ2𝑎∕𝑀 accounts for the contact interaction between 
atoms, with the 𝑠-wave scattering length 𝑎. It may be assumed equal 
for intra- and inter-species collisions between atoms which is usually 
adopted as a good approximation in the numerical simulations, and the 
two species (components) represents two different hyperfine states of 
the same atom [73,74]. The Rashba-type SOC operators are defined as

𝑉SO+𝛹+ = 𝑖𝛬
(
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)

,
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𝜕𝛹−
𝜕𝑍

)

,
(3)

where 𝛬 is the SOC coefficient [75]. The external potential 𝑊  is 
adopted here as one which is periodic with respect to the radial coor-
dinate, 𝜌 ≡

√

𝑋2 + 𝑌 2, in the (𝑋, 𝑌 ) plane, viz., 𝑊 (𝜌) = 2𝑉0 cos2(𝜌∕𝜌0), 
with modulation depth 𝑉0 and radial period 𝜋𝜌0 [45,76]. The last 
terms in Eq. (2) represent the potential of the long-range interaction 
between Rydberg atoms, 𝑉𝑖𝑗 (𝐫′ − 𝐫) = 𝐶 𝑖𝑗6

[

𝑅6
𝑏 + |

|

𝐫′ − 𝐫|
|

6
]

 [cf. Eq. (1)], 
with van der Waals coefficients 𝐶 𝑖𝑗6  (𝑖, 𝑗 = 1, 2), which are subject to 
the symmetry constraint, 𝐶12

6 = 𝐶21
6 . Thus, only 𝑉11, 𝑉12 and 𝑉22 are 

considered in the following discussions.
The spatial coordinates, time, and wave functions are rescaled as 

𝐫 ≡ (𝑥, 𝑦, 𝑧) = (𝑋, 𝑌 ,𝑍)∕𝑅𝑏, 𝑡 = 𝑡∕𝜏, with the temporal scale 𝜏 =𝑀𝑅2
𝑏∕ℏ, 

and 𝜓1,2 = 𝑅3∕2
𝑏 𝑁−1∕2𝛹1,2, with the total norm (number of atoms) 
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d3𝐫. Accordingly, the GPE system 
(2) is cast in the dimensionless form: 
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where ∇2
𝑥,𝑦,𝑧 = 𝜕2∕𝜕𝑥2 + 𝜕2∕𝜕𝑦2 + 𝜕2∕𝜕𝑧2, 𝑟 =

√

𝑥2 + 𝑦2 ≡ 𝜌∕𝑅𝑏, the 
rescaled axisymmetric potential is 
𝑤(𝑟) = 2𝑤0 cos2

(

𝑟∕𝑟0
)

, 𝑤0 ≡ 𝑉0
(

𝑀𝑅𝑏∕ℏ
)2 , 𝑟0 ≡ 𝜌0∕𝑅𝑏, (5)

the rescaled SOC coefficient is 𝜆 ≡ 𝑀𝑅𝑏ℏ−2𝛬. Further, the rescaled 
coefficient of the contact interaction is 𝜎 ≡ 𝑔𝑁𝑀

(

𝑅4
𝑏∕ℏ

)

, and the RRI 
potential is 

𝑢𝑖𝑗 (𝐫′ − 𝐫) =
𝑈𝑖𝑗

1 + (𝐫 − 𝐫′)6
, 𝑈𝑖𝑗 ≡

𝑀𝑁𝐶 (𝑖𝑗)
6

ℏ2𝑅4
𝑏

. (6)

Numerical results are reported below, chiefly, for 𝑟0 = 1 in potential 
(5). Systems with 𝑟0 ≠ 1 yield results similar to those reported here 
for 𝑟0 = 1. This choice implies that the period of the radial potential 
is close to the radius of the Rydberg blockade, which is the subject 
of main interest in the present work, as it makes it possible to study 
new effects, produced by the interplay of the radially periodic potential 
and RRI. Another parameter regime, in which the potential’s period is 
much larger than the blockade radius (i.e., RRI is much stronger), is 
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Fig. 1. (a) The schematic of the Rydberg-dressed Bose–Einstein condensates system. 
Yellow and blue balls represent the Rydberg and normal atoms, respectively. (b) Energy 
levels of the Rydberg atoms.

similar to the previously studied situation in the free space, which gives 
rise to characteristic features of the bosonic condensates with long-
range atomic interactions, such as the roton minimum in the underlying 
spectrum [77].

Characteristic values of the corresponding physical parameters may 
be taken as those for the ultracold gas of 88Sr atoms, which is available 
for the experimental realization [28]. In this case, the RRI coefficients 
are 𝐶6 = 2𝜋 × 81.6 GHz μm6, 𝑅𝑏 = 10 μm, and the temporal scale is 
𝜏 = 0.18 s.

The energy of this system is expressed as [78,79] 

𝐸tot =∫ (𝜀k + 𝜀SOC + 𝜀contact + 𝜀RRI + 𝜀ext )d3𝑟

𝜀k =1
2
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2 + |∇𝜓−|

2)

𝜀SOC = − 𝑖𝜆
2
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)

+𝜓∗
−
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2) ,

(7)

where 𝜀𝑘, 𝜀SOC, 𝜀contact , 𝜀RRI, and 𝜀ext represent the kinetic, SOC, con-
tact, RRI, and external potential energies, respectively. Here, c.c. rep-
resent the complex conjugate.

3. The results

Stationary solutions to Eq. (4) are sought for in the usual form, 
𝜓± = 𝜙±𝑒−𝑖𝜇𝑡, where 𝜇 is the chemical potential, and 𝜙± are components 
of the stationary wave function. In the cylindric coordinates (𝜌, 𝜃, 𝑧), the 
initial ansatz for the 3D system is chosen as [80] 

𝜙 = 𝐴
(

𝜌2 + 𝑧2
)|

|

𝑚±||∕2 exp
[

−
(

𝜌2 + 𝑧2
)

+ 𝑖𝑚 𝜃
]

, (8)
± ± ±

3 
Table 1
Parameters of the 3D matter-wave solitons with the corresponding topological charges
 (𝑚+ , 𝑚−) 𝜎 𝜆 𝑤0 𝑈11 𝑈12 𝑈22 𝑁 
 (0, 1) 1 1.3 5 1 1 1 1  
 (1, 2) 0.3 1 3.5 1 1 1 1  
 (2, 3) 0.3 2 3.5 1 1 1 1  
 (3, 4) 1 0.1 1.5 1 1 1 1  
 (−1, 0) 0.3 1 3.5 1 1 1 1  
 (−2, −1) 0.3 1 3.5 1 1 1 1  
 (−3, −2) 0.3 3 3 1 1 1 1  

where 𝑚− = 𝑚+ + 1 is the usual relation between the integer vorticities 
(topological charges) of the two components, which is compatible with 
Eq. (4) [66], and 𝐴± are their initial amplitudes. In particular, the states 
with topological charge 0 in one component, and |

|

𝑚±
|

|

= 1 in the other 
are categorized as semivortices (SVs) [22,66]. It is relevant to stress that 
the normal form of a vortex component in the 3D space should include 
factor 𝜌||𝑚±||, rather than (𝜌2 + 𝑧2)||𝑚±||∕2 in the input (8). In the course of 
simulations, the shape of the solitons quickly rearranges itself into the 
one with the ‘‘correct’’ radial factor, 𝜌||𝑚±||.

As the solitons in the SOC system carry orbital angular momentum 
(OAM), it is necessary to define the corresponding characteristics of the 
solitons. Following Ref. [79], we define normalized OAM values of the 
two components and the total one as, respectively, 
⟨

𝐿±
⟩

=∫
𝜓∗
±�̂�𝜓±

𝑁±
d3𝑟,

⟨𝐿⟩ =
𝑁+

⟨

𝐿+
⟩

+𝑁− ⟨𝐿−⟩

𝑁+ +𝑁−
,

(9)

where �̂� = −𝑖(𝑥𝜕∕𝜕𝑦 − 𝑦𝜕∕𝜕𝑥) is the OAM operator.
We have obtained stable 3D solitons by means of the imaginary-

time integration method [81], applied to Eq. (4). The time derivative 
in Eq. (4) is taken as 𝑖𝜕𝜓±∕𝜕𝑡 = 𝜇𝜓±, and the second derivations 
of 𝜙± with respect to coordinates are dealt with the discrete Fourier 
transformations 𝜙±(𝑟) = −1[(𝑖𝑘)2] (𝜙±(𝑟)), where  and −1 represent 
the discrete Fourier and inverse Fourier transformations, and 𝑘 is the 
wavenumber. Typical examples of the stable solitons with 𝑚+ ≥ 0
and 𝑚± ≤ 0 are shown in Figs.  2 and 3, respectively. It is observed 
that, for the SV modes, with (𝑚+, 𝑚−) = (0, 1) or (−1, 0)), the density 
distribution is axisymmetric, with nonzero and zero values of the 
amplitude at the central point (𝜌 = 0) in the fundamental and vortex 
components, respectively, the latter one being patterned as a ring. The 
phase-circulation pattern in the semi-vortex is axisymmetric too.

On the other hand, in Figs.  2(b-d,f-h) and 3(b,c,e,f), the annular 
solitons with both components carrying nonzero vorticity (they were 
called excited states in Ref. [66]) demonstrate broken axial symmetry, 
This feature is explained by azimuthal instability of axisymmetric ring-
shaped modes, which is similar to the generic property of 2D SOC 
solitons with nonzero vorticity in both components [66]. The number 
of fragments produced by the instability is equal to the value of the 
respective topological charges. The vortex solitons with 𝑚± < 0 being 
less vulnerable to the axial-symmetry breaking than ones with 𝑚± > 0, 
due to the fact the SOC operators (3) correspond to a particular sign of 
the underlying twist.

We stress that all the solitons displayed in Figs.  2 and 3, includ-
ing the ones with broken axial symmetry, represent stationary states 
produced by the imaginary-time simulations, and they all are stable
if used as initial conditions for simulations of the perturbed real-time 
evolution, in the framework of Eq. (4). This result is drastically different 
from that reported for the simple 2D SOC system in Ref. [66], where 
all the excited states were found to be unstable.

To present the results in the systematic form, Fig.  4(a) produces 
the energy-band spectrum of the linearized version of Eq. (4). The 
spectrum demonstrates the semi-infinite bandgap and two finite ones, 
that may host soliton families as solutions of the full nonlinear system. 
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Fig. 2. 3D vortex matter-wave solitons with topological charges of their components (𝑚+ , 𝑚−) = (0, 1), (1, 2), (2, 3), (3, 4). Insets display the density distribution and phase structure in 
the (𝑥, 𝑦) plane. Parameters of the system are shown in Table  1. Three density iso-surfaces are plotted with density cuts 0.96|𝜓±|

2
𝑚𝑎𝑥, 0.4|𝜓±|

2
𝑚𝑎𝑥, 0.04|𝜓±|

2
𝑚𝑎𝑥 for the 3D matter-wave 

solitons. This is also adopted for the other iso-surface figures in this paper.
Fig. 3. The same as in Fig.  2, but for the 3D vortex matter-wave solitons with the components’ topological charges (𝑚+ , 𝑚−) = (−1, 0), (−2,−1), (−3,−2).
In particular, point A in the figure corresponds to the 3D soliton with 
parameters 
(𝑚+, 𝑚−, 𝜆, 𝜎,𝑤0, 𝑈11, 𝑈12, 𝑈22) = (0, 1, 1.3, 1, 5, 1, 1, 1). (10)

The variations of parameters for the 3D solitons in Fig.  4(b-f) are all 
based on point A.

In particular, the relation between chemical potential 𝜇 and norm 
𝑁 is presented in Fig.  4(b). Naturally, it is found that the ground 
state, characterized by (𝑚+, 𝑚−) = (0, 1), exhibits the lowest chemical 
potential. As the topological charge 𝑚 increases, the chemical potential 
of the system gradually rises. The variation of 𝜇 with the norm is nearly 
negligible, i.e., the soliton family forms a nearly-flatband family, cf. 
Ref. [82].

The effect of the SO coupling coefficient, 𝜆, on the norm is presented 
in Fig.  4(c), featuring the natural symmetry around 𝜆 = 0. The range 
of 𝜆 varies significantly depending on the topological charge: (i) For 
𝑚+ = 0 and 1, the range of 𝜆 is continuous, and stable solutions persist 
even at 𝜆 → 0. (ii) When 𝑚+ = 2, the ranges of 𝜆 are separated by a 
gap which is denoted by the dashed lines in Fig.  4(c), indicating that 
the SOC effect is crucial for the stabilization of the solitons with higher 
topological charges.

The norm as a function of the contact-interaction coefficient 𝜎 and 
nonlocal RRI strengths 𝑈  and 𝑈  are plotted in Figs.  4(d,e,f). It is seen 
11 12

4 
that the ground-state 3D solitons, with (𝑚+, 𝑚−) = (0, 1), consistently 
exhibits the lowest norm. Note that the local interaction coefficient 
𝜎 may take both positive and negative values, and, at 𝜎 → 0, there 
is a notable increase in the norm of the vortex soliton with higher 
topological charges, (𝑚+, 𝑚−) = (2, 3), as seen in Fig.  4(d). The RRI 
coefficients 𝑈11 and 𝑈12 may also be positive or negative. When 𝑈11 or 
𝑈12 take specific values, such as 𝑈11 = 3 or 𝑈12 = 3, there is a significant 
increase in the norm for vortex solitons with higher topological charges, 
as demonstrated in Figs.  4(e) and (f).

The stability of these 3D solitons was tested by the simulations of 
the perturbed evolution, performed in the framework of Eq.  (4), using 
the fourth-order Runge–Kutta algorithm. Fig.  5 displays an example of 
the evolution of the vortex soliton with topological charges (𝑚+, 𝑚−) =
(1, 2). In this case, the spatial and phase patterns of the evolving soliton 
stay virtually intact, up to 𝑡 = 1000 (at least), exhibiting its full stability.

The stability domains in (𝑁, 𝜆), (𝑁, 𝜎), (𝑁,𝑈11) and (𝑁,𝑈12) planes, 
as identified by the systematic simulations, are displayed in Fig.  6, 
where the topological charges are (𝑚+, 𝑚−) = (1, 2), with other parame-
ters in each panels fixed as per Table  1. It is found that the SOC strength 
𝜆 in the stability area may take both positive and negative values, 
in ranges of (0.6 ∼ 2.7) and (−2.7 ∼ −0.6), respectively, exhibiting 
symmetry with respect to 𝜆 = 0, as seen in Fig.  6 (a). This finding 
agrees with that reported above in Fig.  4(c). For the parameters fixed in
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Fig. 4. (a) The band spectrum of the linear system with parameters (𝑚+ , 𝑚− , 𝜆, 𝜎, 𝑈11 , 𝑈12 , 𝑈22) = (0, 1, 1.3, 0, 0, 0, 0). The black circles in panel (a) indicate the 𝜇(𝑤0) relation when 
the nonlinearity is taken into consideration, where (𝜎, 𝑈11 , 𝑈12 , 𝑈22) = (1, 1, 1, 1), and the norm is fixed as 𝑁 = 1. (b) Chemical potential 𝜇 vs norm 𝑁 . (c-f) The norm as a function 
of parameters 𝜆, 𝜎, 𝑈11, and 𝑈12. The black, blue and red lines represent the solitons with topological charges 𝑚+ = 0, 1, and 2, respectively. Solid and dashed segments corresponds 
to stable and unstable 3D solitons, respectively. The variation of the parameters in panels (b-f) corresponds to point A in panel (a), with the parameters given by (Eq.  (10)).
Fig. 5. The simulated evolution of the vortex soliton with topological charges (𝑚+ , 𝑚−) = (1, 2). The top and bottom rows display the evolution of 𝜓+ and 𝜓− components, 
respectively.
Table  1, norm 𝑁 takes values in the green stability domain in each 
panel of Fig.  6. Note that all stability domains exhibit a single-peak 
shape. Notably, the contact-interaction strength 𝜎, as well as in RRI 
strengths, 𝑈11 and 𝑈12, may be both positive and negative in the 
stability domain, albeit it is larger for 𝑈11,12 < 0. While 𝑈22 = 1 is 
fixed in each panel, further analysis has shown that the stability domain 
corresponding to the variation of 𝑈22 is similar to those corresponding 
to 𝑈11 and 𝑈12.

The stability domain in the (𝜆,𝑤0) plane is shown in Fig.  7. As we 
mentioned above, this domain is symmetric for regions 𝜆 > 0 and 𝜆 < 0, 
therefore only the stability domain with 𝜆 > 0 is displayed in Fig.  7(a).

The phase of the 3D solitons in the (𝑥, 𝑦) plane features a multi-layer 
structure in the radial direction, with the number of layers represented 
by integer number 𝑛 (alias the radial quantum number). Note that 𝑛
increases with the increase of 𝜆, as shown in Figs.  7(b-e). For example, 
for fixed 𝑤0 = 0.5, the soliton has two layers (𝑛 = 2) where 𝜆 = 1.4 [ 
Fig.  7(b)], while we get 𝑛 = 4, 6, 8 for 𝜆 = 2.5, 3.5, 4.6, respectively, see 
Fig.  7(c,d,e). In fact, this structure of the 3D solitons implies that, if 
SOC is strong enough, it gives rise to the solitons created on top of the 
spatially modulated multi-layer background. The stability domains of 
solitons with different numbers of the phase layers are designated by 
different colors in Fig.  7(a). Stable solitons do not exist in two regions 
which are painted gray where the soliton solutions are hard to obtain 
or cannot last long time in these parametric regions.
5 
The energy of 3D solitons, calculated as per Eq. (7), is plotted in Fig. 
8(a), which shows that the total energy increases practically linearly 
as the function of norm 𝑁 , the ground state with topological charges 
(𝑚+, 𝑚−) = (0, 1) having the lowest energy. The normalized OAM, 
calculated pursuant to Eq. (9), is displayed, as a function of topological 
charge 𝑚+ and norm 𝑁 , in Figs.  8(b,c,d). The normalized OAM of the 
𝜓+ component is equal to |𝑚+|, i.e., 

⟨

𝐿+
⟩

= |𝑚+|, as shown in Fig.  8(b). 
Similarly, we get ⟨𝐿−⟩ = |𝑚−| = |𝑚+ + 1|. The normalized OAM of the 
3D solitons is independent of the norm, suggesting the conservation of 
the system’s OAM, as illustrated in Figs.  8(c,d).

In the absence of SOC (𝜆 = 0), the calculations produce crescent- and 
hollow-shaped two-component solitons, corresponding to topological 
charges (𝑚+, 𝑚−) = (−1, 0), as shown in Fig.  9. For the 𝜓+ component 
with 𝑚+ = −1, one observes that the cross section of these 3D solitons 
in the (𝑥, 𝑦) plane exhibits a crescent-like profile. The phase distribution 
of this component displays vortex characteristics, where the phase 
circulates clockwise around a pivot, which is not centered in the (𝑥, 𝑦)
plane. In contrast, the 𝜓− component (with topological charge 𝑚− =
0) exhibits a plain phase structure. The evolution of this crescent-
hollow-shaped two-component soliton shows that its spatial and phase 
distributions remain nearly unchanged, at least, up to 𝑡 = 2000, as seen 
in Figs.  9(a5,b5).

To investigate the energy current caused by the topological charge 
(vorticity), we studied the effect of the internal transverse current, 
which is defined as 𝑆 = 𝑖 (𝜓 ∇𝜓∗ − 𝜓∗∇𝜓

)

, on the stability of 
± 2 ± ± ± ±
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Fig. 6. Stability domains for norm 𝑁 of the vortex solitons with (𝑚+ , 𝑚−) = (1, 2), corresponding to the variation of parameters 𝜆, 𝜎, 𝑈11, and 𝑈12. Stable and unstable zones are 
painted green and white, respectively. The other system parameters in each panels are fixed as 𝜎 = 0.3, 𝜆 = 1, 𝑤0 = 3.5, and 𝑈11 = 𝑈12 = 𝑈22 = 1.
Fig. 7. Stability domains of the vortex solitons with topological charges (𝑚+ , 𝑚−) = (−1, 0), displayed in the (𝜆,𝑤0) plane. (a) Integer 𝑛 stands for the number of the radial layers 
in the phase structure, which are also designated by different colors. Stable solitons do not exist in white and gray regions. (b,c,d,e) The phase structures and norm distributions 
with the numbers of radial layers 𝑛 = 2, 4, 6, 8, the corresponding values of SOC strength 𝜆 being 1.4, 2.5, 3.5, and 4.6, respectively. The system’s parameters are 𝜎 = 0.3 and 
𝑈11 = 𝑈12 = 𝑈22 = 0.1.
matter-wave solitons in the 3D system (4) [83]. In this connection, Fig. 
10 displays the internal current 𝑆+ and 𝑆− for the two components of 
the 3D soliton with topological charges (𝑚+, 𝑚−) = (−1, 0). In the 𝜓+
component, the internal current displays a crescent-like distribution, 
matching the norm distributions in the (𝑥, 𝑦) and (𝑥, 𝑧) planes. The 
direction of the internal current, as shown by black arrows in Fig. 
10(a), is determined by the respective topological charge (𝑚+ = −1). 
The results indicate that the internal OAM results in the energy current 
in the vortex matter-wave solitons. On the other hand, for the 𝜓−
component, with topological charge 𝑚− = 0, the internal current is 
negligible, with an amplitude 𝑆− ∼ 10−22, as shown in Fig.  10(b), while 
the amplitude of 𝑆+ is ∼ 10−6.

4. Conclusion

In this study, we have explored the dynamics of 3D Rydberg-dressed 
two-component matter-wave solitons, under the action of SOC between 
6 
the components, in the combination with the axisymmetric radially pe-
riodic potential. Employing the imaginary-time integration method, we 
have produced stable 3D solitons. The ground-state solitons, with the 
lowest topological charges (0,+1) and (−1, 0) in the two components, 
keep the axial symmetry. On the other hand, excited states, with higher 
values of the topological charges, which are known to be unstable 
in previously studied SOC models, exhibit broken axial symmetry, 
while remaining stable in the real-time simulations. These observa-
tions underscore the profound impact of SOC and Rydberg–Rydberg 
interactions on the structure and stability of the solitons.

All identified solitons, including those with broken symmetry, are 
dynamically stable under real-time evolution simulations. The stabil-
ity domain accommodates both positive and negative SOC strengths, 
contact-interaction strengths, and Rydberg–Rydberg interaction
strengths. The radial phase structure of 3D solitons exhibits multi-layer 
patterns, characterized by the radial quantum number, suggesting that 
strong SOC can influence solitons on spatially modulated backgrounds.
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Fig. 8. (a) The total energy of the 3D solitons vs. norm 𝑁 . (b) The normalized orbital angular momentum ⟨𝐿±
⟩ vs. topological charge 𝑚. (c,d) Two components of the normalized 

OAM ⟨𝐿+
⟩ and ⟨𝐿−⟩ as function of norm 𝑁 . The system’s parameters are the same as in Table  1.

Fig. 9. The evolution of a 3D soliton with the topological charge (𝑚+ , 𝑚−) = (−1, 0), which features the crescent-like and hollow shapes of its components. Insets display the 
intensity distribution and phase structure in the (𝑥, 𝑦) plane. The system’s parameters are 𝜎 = −1, 𝜆 = 0, 𝑤0 = 5, 𝑁 = 0.5, 𝑈11 = 𝑈12 = 𝑈22 = 1.

Fig. 10. The internal current of the crescent-shaped (a) and hollow (b) components of the 3D soliton, with topological charge (𝑚+ , 𝑚−) = (−1, 0
)

. The insets display 3D profiles, 
phase structure in the (𝑥, 𝑦) plane, and intensity distributions in the (𝑥, 𝑦) and (𝑥, 𝑧) planes. Black arrows represent the local direction of the internal current. The system’s parameters 
are the same as in Fig.  9.
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In the absence of SOC, the numerical results have revealed a novel 
species of stable 3D solitons with two components, crescent- and 
hollow-shaped ones. These findings not only expand the understand-
ing of the complex interplay between SOC, contact interactions, and 
Rydberg dressing in spinor BEC, but also suggest new possibilities for 
exploring exotic quantum states and phenomena in related systems. 
By carefully modulating physical parameters in the similar experiment 
setup [84–89], our structures in this paper are expected to be found.
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